Pulse broadening for optical solitons due to birefringence is investigated. It is shown that in optical fibers with birefringence no pure solitons exist. We present analytical expressions for special solitonic solutions in birefringent optical fibers consisting of a combination of pure solitons propagating along the principal birefringence axis with a different velocity and interaction terms between the solitons. An estimation for the stability of the derived solutions and random polarization mode dispersion is given.
I. Introduction
The demand for long-distance high-bandwidth data transfer in the field of optical telecommunications has lead to research about the use of optical envelope solitons as information carriers. Solitons are ideal for optical telecommunications because the dispersion of the optical fiber is exactly counterbalanced by the nonlinearity. As a result of this, the information carrier can maintain its pulse-shape over long distances. In an ideal optical fiber, the nonlinear Schrödinger equation describes the electromagnetic field envelope in a single polarization case. Actual optical fibers however, have the property that there is a difference in the propagation velocity for the two different polarization states of the electromagnetic field. This property is called birefringence. The effects of birefringence are almost never steady, but they vary randomly, in both magnitude and orientation. The random birefringence will make that an initially localized pulse will eventually disintegrate. This effect is called Polarization Mode Dispersion (PMD). PMD is important in situations where high-bit-rate optical signals have to be transported over long distances such as submarine intercontinental optical connections. This is the reason that the topic has already had considerable attention in both theoretical and experimental research in the field of optical telecommunications [1] - [13] .
The dynamics of nonlinear waves in birefringent optical fibers is described in the literature by the following set of coupled nonlinear differential equations which were originally introduced by Berkhoer and Zakharov [12] :
A detailed derivation of Eq.(1), which are from now on called the birefringence equations, can be found in the book by Hasegawa [14] . It should be noted that in literature on fiber optics the space coordinate x and the time coordinate t are reversed but this does not change the results derived in this paper. In Eq.(1), the (scaled) electromagnetic field envelopes of the different polarization states are described by u and v respectively. The parameter δ describes the group velocity birefringence. In the limit δ → 0, the well known Manakov equation is retained. Ueda and Katz have argued that the parameter δ is actually a random parameter with zero mean [3] :
As a result of this, Eq.(1) is a stochastic differential equation. In the following, we treat the parameter δ as the half-difference of the group velocity between the local principal birefringence axes. If we are able to solve Eq.(1) analytically however, we can obtain analytical expressions for the propagation properties of an initially localized soliton in a birefringent medium. Whereas the Manakov equations can be solved by using inverse scattering techniques [15] , the set of coupled differential equations presented in Eq.(1) is considered to be non-integrable [14] . Recently, a novel method for solving nonlinear partial differential equations has been developed [16] . In this paper we apply these techniques for finding special solutions of the birefringence equations. It is shown that the propagation of solitons in birefringent media can be studied analytically.
In Sect.II, we apply concepts derived in earlier publications to find special solutions of the birefringence problem. It is shown that differential equations presented in Eq.(1) have no pure soliton solutions. The most simple solutions we can derive consists of a combination of two unperturbed solitons propagating independently, but with different velocity over the principal birefringence axis. These unperturbed solutions are contaminated with noise describing energy transferring between the birefringence axis. The paper is concluded with a discussion.
II. Special solutions of the birefringence equations
For solving Eq.(1), we try a starting point the following free wave solutions:
If we substitute Eq. (3) into Eq. (1), we obtain:
In Eq. (4), it is assumed that k i and ω i are both complex (the bars indicate the complex conjugates). If we require that the dispersion relationships:
are valid, we can conclude that for nonzero A and B, the try-solution (3) does not satisfy Eq. (1) and hence the birefringence equations have no free wave solutions. Before deriving special solutions of Eq.(1) the following simplifications are imposed to simplify the computations which will follow:
Condition I is related to the fact that we strive for a situation in which both the linear part as the nonlinear part of Eq. (1) are expanded in the same basis functions. In experiments, this situation can be obtained by optimizing the "launching conditions". Condition II and III are introduced by realizing that in fiber optics only envelope solutions can be measured. As a second attempt we try a solution which is a superposition of the Eq.(3) and the right-hand side of Eq.(4):
In order to make the bookkeeping more transparently, we introduce new variables z 1 and z 2 by x − δt and x + δt respectively. If we firstly evaluate the right-hand side of Eq.(1) for the solution (7), we obtain:
and 
The left-hand side of Eq. (1) for the solution (7) is equal to:
It follows from comparing Eq. (8), Eq. (9) and Eq.(10) that the solution (7) is still not satisfactory. However, we find that the the coefficients A 2 and A 3 as well as B 2 and B 3 can be estimated:
This result suggest that it might be useful to try solutions which are an infinite series of exponential basis functions. These exponential basis functions must have such a structure that the nonlinearity of Eq.(1) can be expanded in the same basis functions as the linear part. In Refs. [16, 17] it is shown that such an approach can be successfully applied to the KdV equation and the (vector) nonlinear Schrödinger equation. If we substitute the following solution into Eq.(1):
we obtain that the left-hand side of Eq.(1) is equal to:
As expected, the linear part is not changing the structure of the exponential functions (12) . This is also the case if we substitute Eq. (12) 
It can be concluded by comparing Eq. (13) and Eq. (14) that solutions of the type (12) 
The solution (12) of Eq. (1) is purely formal is does not give adequate insight of the behavior of solitonic solutions in birefringent media. In order to obtain this insight, it is convenient to separate the solutions u 1 (x, t) and u 2 (x, t) into two parts:
We firstly analyze the first part the right-hand side of Eq.(16). If we collect all the relevant terms in Eq. (13) and Eq. (14), we obtain the following result:
By assuming thatÂ 1,0 = A andB 1,0 = B all the other coefficientsÂ n,0 andB n,0 can be solved by iteration. This implies that Eq.(16) can be reformulated in the following form [17] :
The first term on the right-hand side of Eq. (18) represents unperturbed solitons. The propagation velocity of these solitons is determined by the birefringence coefficients δ. It follows from Eq. (18) that the two solitons u 1 (x, t) and u 2 (x, t) propagate with a relative velocity 2bδ. This makes that even in an "ideal situation", in which the non-solitonic terms in Eq. (18) are negligible an initially localized pulse is still unstable due do the unequal propagation velocity of the solitonic solutions along the principal birefringence axis. The second effect which leads to instabilities is the interaction between the unperturbed solitonic solutions. The asymptotic expansion of these instabilities is given by the sum of terms on the right-hand side of Eq. (18) . In principle, by using the recursion relationship (15), we can compute all the expansion coefficientsÂ 2n+1,m andB 2n+1,m . Only in special cases it is possible to carry out the summation explicitly to obtain an analytical expression for the interaction. The interaction terms are small compared to the non-interaction (soliton) terms if the denominator for the coefficientŝ A 2n+1,0 andB 2n+1,0 are small compared to the denominator for the coefficientsÂ 2n+1,m andB 2n+1,m . This is the case if:
This result presents a practical criterion which relates the width of the soliton (represented by b) to the birefringence coefficient δ. The criterion expressed in Eq.(19) is a necessary condition for soliton propagation in birefringent fibers. If this condition is satisfied the only decay for optical solitons is related the different propagation velocities of the solitonic solutions along both principal birefringence axes.
III. Discussion
We have shown that the birefringence equations (1) have special solutions consisting of two unperturbed solitons propagating with a different velocity along the principal birefringence axes combined with interaction terms between the solitons. A criterion is given for the situation that the interaction terms are small. If this is the case, the solution of Eq. (1) consists approximately of the two unperturbed solitons. The decay of an initially localized soliton (with this we mean that at t = 0 both pulses are at the same position) can be formulated in a simple expression. If we for instance use as criterion that the pulse has decayed if the distance between the maxima of the solitons propagating along the principal birefringence axes is equal at the width at half height of one of the pulses, we find that decay has taken place at:
Up until now, we have discussed the propagation properties of solitons in birefringent media. In the case of soliton propagation through birefringent optical fibers, Eq.(1) (with the space coordinate x and the time coordinate t in reversed order) is defined in a coordinate frame moving with velocity v 0 . We find that solutions u 1 (x, t) and u 2 (x, t) propagate with velocities v 0 − ( δ v0 )v 0 and v 0 + ( δ v0 )v 0 . In Ref. [13] it is shown by using a mathematical analysis based upon Ref. [18] that in this case the PMD in long accidentally birefringent increases as the square root of the length. The conclusions of this paper suggest that these results also apply in the solitonic case.
The analysis of this paper is based on solutions having the form (12) . The integrability of Eq.(1) can be investigated by replacing (12) by [17] : 
The computations involved to compute the coefficients A(2n 1 + 1, m 1 , · · · , 2n N + 1, m N ) and B(2n 1 + 1, m 1 , · · · , 2n N + 1, m N ) are quite tedious, but they can be carried out in a similar manner as in the case that N = 1 [17] . This suggests that Eq. (1) is also integrable.
